Abstract. In this paper, we introduce and study the class of enriched strictly pseudocontractive mappings in Hilbert spaces and extend the corresponding convergence theorem (Theorem 12) in [Browder, F. E., Petryshyn, W. V., Construction of fixed points of nonlinear mappings in Hilbert space,
Introduction
Let C be a nonempty subset of a normed space X and T : C → C a mapping.
(i) T is called nonexpansive if T x − T y ≤ x − y , ∀x, y ∈ C.
(ii) T is called strictly pseudocontractive if there exists k < 1 such that T x − T y 2 ≤ x − y 2 + k x − y − (T x − T y) , ∀x, y ∈ C.
T is also called k-strictly pseudocontractive.
If k = 1 in the previous inequality, T is called pseudocontractive.
It is easy to see that every nonexpansive mapping is strictly pseudocontractive and every strictly pseudocontractive mapping is pseudocontractive but the reverses are not more true. Moreover, like in the case of nonexpansive mappings, any strictly pseudocontractive operator is Lipschitz continuous ( [26] ), i.e., T x − T y ≤ L x − y , ∀x, y ∈ C, (L > 0).
An element x ∈ C is said to be a fixed point of T is T x = x. Denote by F ix (T ) the set of all fixed points of T and recall the following concepts.
The notion of strictly pseudocontractive operator in Hilbert spaces has been introduced and studied by Browder and Petryshyn [13] , where the following result has been established. Theorem 1. Let C be a bounded closed convex subset of a Hilbert space H and T : C → C be a k-strictly pseudocontractive mapping. Then, for any given x 0 ∈ C and any fixed number γ such that 1 − k < γ < 1, the sequence {x n } ∞ n=0 given by x n+1 = (1 − γ)x n + γT x n , n ≥ 0,
converges weakly to some fixed point of T . If, in addition, T is demicompact, then {x n } ∞ n=0 converges strongly to some fixed point of T . For some early developments emerging from Browder and Petryshyn paper [13] , we refer to [11] , [15] , [18] , [19] , [20] , [23] , [24] , [25] , [32] , [26] , [33] , [34] , [35] , [36] etc.
On the other hand, the author in [4] , generalized the notion of nonexpansive mapping by introducing the concept of b-enriched nonexpansive mappings, as follows.
Let (X, · ) be a linear normed space. A mapping T : X → X is said to be enriched nonexpansive if there exists b ∈ [0, ∞) such that
Note that nonexpansive mappings correspond to the case b = 0 in (2). In [4] it has been shown that, under appropriate circumstances, any b-enriched nonexpansive mapping has at least one fixed point and then it was presented an iterative algorithm for the computation of the fixed points of b-enriched nonexpansive mappings for which there were presented weak and strong convergence theorems.
Starting from these facts, the aim of this paper is twofold: first, to introduce and study the class of enriched strictly pseudocontractive mappings, which naturally include the enriched nonexpansive mappings as well as the strictly pseudocontractive mappings in the sense of Browder and Petryshyn [13] , and, secondly, to present a constructive method for approximating the fixed points of b-enriched strictly pseudocontractive mappings in Hilbert spaces.
We shall need in the proof of our main results the following two definitions.
Definition 1. [30]
Let H be a Hilbert space and C a subset of H. A mapping T : C → H is called demicompact if it has the property that whenever {u n } is a bounded sequence in H and {T u n − u n } is strongly convergent, then there exists a subsequence {u n k } of {u n } which is strongly convergent.
Definition 2. [13]
Let H be a Hilbert space and C a closed convex subset of H. A mapping T : C → C is called asymptotically regular (on C) if, for each x ∈ C,
The following Lemma, which is adapted after Corollary to Theorem 5 in [13] will be also used in the proof of the main result of the next section. Lemma 1. Let H be a Hilbert space and C a closed convex subset of H. If the mapping U : C → C is nonexpansive and F ix (U) = ∅ then, for any given λ ∈ (0, 1), the mapping U λ = I + (1 − λ)U maps C into C, has the same fixed points as U and is asymptotically regular.
2.
Approximating fixed points of enriched strictly pseudocontractive mappings by Krasnoselskij iteration Definition 3. Let (X, · ) be a linear normed space. A mapping T : X → X is said to be an enriched strictly pseudocontractive mapping if there exist b ∈ [0, ∞) and k < 1 such that for all x, y ∈ X,
We shall also call T as a (b, k)-enriched strictly pseudocontractive mapping.
Example 1. 1) Any strictly pseudocontractive mapping T is a (0, k)-enriched strictly pseudocontractive mapping, i.e., it satisfies (3) with b = 0.
2) Any b-enriched nonexpansive mapping is a (b, k)-enriched strictly pseudocontractive mapping for any k < 1. Now we can state and prove the main result of this section.
Theorem 2. Let C be a bounded closed convex subset of a Hilbert space H and T : C → C be a (b, k)-enriched strictly pseudocontractive and demicompact mapping. Then F ix (T ) = ∅ and, for any given x 0 ∈ C and any fixed number γ, such that 0 < γ < 1 − k, the Krasnoselskij iteration {x n } ∞ n=0 given by
converges strongly to a fixed point of T .
Proof. Using the fact that T is (b, k)-enriched strictly pseudocontractive and denoting b = 1 λ − 1, it follows that λ ∈ (0, 1] and thus (3) is equivalent to
for all x, y ∈ C. Denote T λ x = (1 − λ)x + λT x, where I is the identity map. Then inequality (5) expresses the fact that
i.e., the averaged operator T λ is k-strictly pseudocontractive.
Next, we prove that the operator U = I −T λ satisfies the inequality
where k is the constant involved in (3). Indeed, by (6) we have
On the other hand,
which, by (8) implies
2 from which we get the desired inequality (7). For t > 0, consider the map U t = (1 − t)I + tT λ , where I is the identity map, which means
Ux − Uy, x − y , which, by means of (7) yields
This shows that, for any t satisfying 0 < t < 1 − k, the mapping
has the property
that is, U t is nonexpansive. In order to prove the last part of the theorem, consider the sequence {x n } ∞ n=0 given by x n+1 = (1 − µ)x n + µU t x n , n ≥ 0, where 0 < µ < 1. It is obvious that {x n } ∞ n=0 lies in C and hence it is bounded. Denote V µ = (1 − µ)I + µU t . Then, since U t is nonexpansive, by Lemma 1 it follows that V µ is asymptotically regular, i.e.,
We also have
and hence x n − U t x n → 0, as n → ∞. Since, by hypothesis, T is demicompact, it follows by (10) that V µ is demicompact, too. Hence, in view of (9), there exists a subsequence {x n k } of {x n } ∞ n=0 which converges strongly in C. Denote lim
Then, by the continuity of U t it follows that V µ is continuous and hence
Therefore, {x n k − V µ x n k } converges strongly to 0 and simultaneously,
. The convergence of the entire sequence {x n } ∞ n=0 to q now follows from the inequality
which is a direct consequence of the nonexpansivity of V µ (which, in turn, is a consequence of the nonexpansivity of U t ).
Hence, for any x 0 ∈ C, the Krasnoselskij iteration {x n } ∞ n=0 , given by
To get exactly the formula (4) for the Krasnoselskij iteration {x n } ∞ n=0
given above, we simply denote γ = λµt and use the fact that t ∈ (0, 1 − k) to get the inequality γ ∈ (0, 1 − k).
Remark 2.1. Theorem 2 is an extension of Theorem 12 in Browder and Petryshyn [13] , by considering instead of strictly pseudocontractive mappings the larger class of enriched strictly pseudocontractive mappings.
As a corollary of Theorem 2, we present the strong convergence part of Theorem 12 in [13] .
Corollary 3. (Theorem 12, [13] ) Let C be a bounded closed convex subset of a Hilbert space H and T : C → C be a k-strictly pseudocontractive and demicompact operator. Then F ix (T ) = ∅ and for any given x 0 ∈ C and any fixed number γ, 0 < γ < 1 − k, the Krasnoselskij iteration {x n } ∞ n=0 given by
Proof. A k-strictly pseudocontractive mapping is a (0, k)-enriched kstrictly pseudocontractive mapping. Hence, Corollary 3 follows from Theorem 2 for b = 0 , that is, for λ = 1.
We now prove a weak convergence theorem which is an extension of the weak convergence part of Theorem 12 in [13] and corresponds to the case when T is not more demicompact.
Theorem 4. Let C be a bounded closed convex subset of a Hilbert space H and T : C → C be a (b, k)-enriched strictly pseudocontractive mapping. Then F ix (T ) = ∅ and, for any given x 0 ∈ C and any fixed number γ, such that 0 < γ < 1 − k, the Krasnoselskij iteration {x n } ∞ n=0
given by x n+1 = (1 − γ)x n + γT x n , n ≥ 0, converges weakly to a fixed point of T .
Proof. We proceed like in the first part of the proof of Theorem 2 and get the conclusion that the mapping U t = (1 − λt)I + λtT is nonexpansive.
To prove the theorem, it suffices to show that if {x n j } ∞ j=0 given by x n j +1 = (1 − µ)x n j + µU t x n j , j ≥ 0, converges weakly to a certain p 0 , then p 0 is a fixed point of U t (and of T λ = (1 − λ)I + λT ) and hence of T and therefore p 0 = p.
Suppose that {x n j } ∞ j=0 does not converge weakly to p. Using the same arguments like in the proof of Theorem 2, we obtain that V µ = (1 − µ)I + µU t is nonexpansive and asymptotically regular, that is,
On the other hand
Similarly to the proof of Theorem 2 in [4], we have
which, together with the fact that {x n j } converges weakly to p 0 , implies
Since C is bounded, the sequence { x n j −V µ p 0 + x n j −p 0 } is bounded, too, and therefore by combining (11), (12) and (13), we get
Approximating fixed points of enriched strictly pseudocontractive mappings by Mann iteration
The aim of this section is to show that, under appropriate assumptions, we can obtain convergence theorems for Mann type iterative scheme, which generates a sequence {x n } in the following manner:
where γ n is a real sequence in (0, 1) and x 0 is the initial guess. Note that Krasnoselskij iteration (4) is obtained from (14) when the sequence {γ n } is constant. Marino and Xu [23] have proved weak and strong convergence theorems, by using algorithm (14) in order to approximate fixed points of k-strictly pseudo-contractive mappings, with the control sequence γ n satisfying some appropriate conditions. The aim of this section is to extend Marino and Xu [23] and other related results from kstrictly pseudo-contractive mappings to enriched (b, k)-strictly pseudocontractive mappings.
In order to establish our convergence theorems, we collect some auxiliary results mainly taken from Marino and Xu [23] .
Lemma 2. (Lemma 1.1, [23] ) Let H be a real Hilbert space. Then the following identities hold:
(ii)
(iii) If {x n } is a sequence in H weakly convergent to z, then lim sup
Lemma 3. (Proposition 2.1, (ii), [23] ) Let C be a closed convex subset of a Hilbert space H and T : C → C be a k-strict pseudo contraction. Then I − T is demiclosed (at 0), that is, if {x n } is a sequence in C such that x n ⇀ x and (I − T )x n → 0, then (I − T )x = 0.
Theorem 5. Let C be a bounded closed convex subset of a Hilbert space H and T : C → C be a (b, k)-enriched strictly pseudocontractive mapping for some 0 ≤ k < 1. Then F ix (T ) = ∅ and, for any given x 0 ∈ C and any control sequence {α n }, such that k < α n < 1 and
the Krasnoselskij-Mann iteration {x n } ∞ n=0 given by
for some λ ∈ (0, 1), converges weakly to a fixed point of T .
Proof. Using the fact that T is (b, k)-enriched strictly pseudocontractive and denoting b = 1 λ − 1, it follows that λ ∈ (0, 1] and thus from (3) we obtain
Denote T λ x = (1 − λ)x + λT x, where I is the identity map. Then inequality (16) expresses the fact that
i.e., the averaged operator T λ is k-strictly pseudocontractive. By Theorem 2,
By Lemma 2 (ii), we have
Based on the properties of {α n }, we get x n+1 − p ≤ x n − p which shows that the sequence { x n − p } is decreasing.
Hence lim n→∞ x n − p exists. By (18) we also get
Using condition (17) , by (19) we conclude that lim inf
We now prove that actually lim inf n→∞ x n − T λ x n exists. To this end, we prove that { x n − T λ x n } is decreasing. Indeed, since x n − x n+1 = (1 − α n )(x n − T λ x n ), we have
Denote β n = x n − T λ x n , for each n and we get
We may assume β n > 0. Since 1 − α n > 0, by denoting δ n = β n+1 β n , by the previous inequality we obtain the following quadratic inequality
Now, since, by hypothesis,
from (21) we obtain δ n ≤ 1, that is, β n+1 ≤ β n , which shows that, indeed, lim n→∞ x n − T λ x n exists. By (20) , this means that
Denote, as usually, the weak ω-limit of a sequence {x n }, {x : ∃x n j ⇀ x}, by ω w (x n ). Since T λ is strictly pseudo-contractive, by Lemma 3 we deduce that
To prove that {x n } is actually weakly convergent, we take p, q ∈ ω w (x n ) and let {x n i } and {x m j } be subsequences of {x n } such that x n i ⇀ p and x m j ⇀ q, respectively.
Since lim n→∞ x n − z exists for every z ∈ F ix (T λ ) and since p, q ∈ F ix (T λ ), by Lemma 2 (iii), we obtain
Hence p = q and, since F ix (T λ ) = F ix (T ), the conclusion of the theorem follows.
Remark 3.1. 1) If T is enriched (0, k)-strictly pseudocontractive, that is, T is k-strictly pseudocontractive, then by Theorem 5 we obtain Theorem 3.1 in [23] .
2) Our Theorem 5 extends the corresponding results in [13] , by considering Krasnoselskij-Mann iteration instead of the simple Krasnoselskij iteration.
3) If b = 0 and k = 0 in (3), then T is nonexpansive and our Theorem 5 reduces to Reich's theorem [31] in the Hilbert space setting. It is known, see [31] , that if T is nonexpansive and the control sequence {α n } satisfies (15) , then the sequence {x n } generated by Mann's algorithm
converges weakly to a fixed point of T in a uniformly convex Banach space with a Fréchet differentiable norm.
It is therefore an open problem whether Reich's theorem can be extended to k-strict pseudo-contractions, see [23] , or enriched (b, k)-strict pseudo-contractions.
Conclusions
In this paper we introduced and studied the class of enriched strictly pseudocontractive mappings in the setting of a Hilbert space H. We have shown that any enriched nonexpansive mapping defined on a bounded, closed and convex subset C of H has fixed points in C and that in order to approximate a fixed point of an enriched nonexpansive mapping, we can use the Krasnoselskij iteration, for which we have proven a strong convergence result (Theorem 2) as well as a weak convergence theorem (Theorem 4). We also established a weak convergence theorem for a Krasnohselskij-Mann iteration (Theorem 5) that extends an important result due to Marino and Xu [23] from strictly pseudocontractive mappings to enriched strictly pseudocontractive mappings.
Our results extend some convergence theorems in [13] from strictly pseudocontractive mappings to enriched strictly pseudocontractive mappings and thus include many other important related results from literature as particular cases, see [1] , [2] , [3] , [12] , [14] , [21] , [23] , [30] , [33] etc. For other related developments, see [4] - [8] , [9] , [27] , [28] .
We illustrated the richness of the new class of mappings by means of Example 1, which shows that, alongside all nonexpansive mappings, strictly pseudocontractive mappings are also included in the class of enriched strictly pseudocontractive mappings.
Note also that, similarly to the case of nonexpansive mappings, any enriched strictly pseudocontractive mapping is continuous.
